We study the exact Bethe Ansatz solution of the p + ip Hamiltonian in a form whereby quantum numbers of states refer to hole-pairs, rather than particle-pairs used in previous studies. We find an asymmetry between these approaches. For the attractive system states in the strong pairing regime take the form of a quasi-condensate involving two distinct hole-pair creation operators. An analogous feature is not observed in the particle-pair picture.
Introduction
The p x + ip y -wave pairing (or simply p + ip) Hamiltonian rose to prominence through the influential work of Read and Green [1] in identifying topological properties of superconducting systems. An exact Bethe Ansatz solution of the Hamiltonian appeared in [2] , a result which subsequently generated several studies in the exactly solvable framework [3] [4] [5] [6] [7] [8] [9] . Unlike its counterpart the exactly solvable s-wave pairing Hamiltonian, also known as the Richardson model [10, 11] , the p + ip model exhibits quantum phase transitions. A key to gaining a complete understanding of the model's properties is to understand the distribution of the roots of the Bethe Ansatz equations. For example, it is well-established [4, 5] that there is a duality between states in the regimes known as weak pairing and strong pairing. There are states in the weak pairing regime characterised by the presence of particle-pairs which carry zero energy, and corresponding dual states in the strong pairing regime with the same energy. Particular groupings of particle-pairs should be viewed as bound, and only arise when certain constraints are satisfied. The existence of these zero energy particle-pairs may be interpreted as a form of quasi-condensation.
Our objective is to revisit the Bethe Ansatz solution of the p + ip model from the hole-pair perspective rather than the particle-pair perspective. This involves working with a very closely related, yet distinct, second form of Bethe Ansatz solution. There are a couple of motivations for taking this approach. The first is that Hirsch has long advocated that "electron-hole asymmetry is the key to superconductivity" [12] . As will be established, there is indeed an asymmetry between hole-pairs and particle-pairs which manifests in the character of the roots of the associated Bethe Ansatz equations. The second motivation is that there have been some very interesting studies of the Bethe Ansatz solutions for pairing Hamiltonians which exploit the existence of two forms of solutions. Pogosov and collaborators have determined sets of relations between the roots of the Bethe Ansatz equations in the s-wave [13] and "Russian Doll" [14] models, which in particular has led to a formula for the ground-state energy in the s-wave case. Also Faribault and collaborators [15, 16] have used the existence of the two forms of exact solution to facilitate the calculation of wavefunction overlaps and scalar products for a general class of systems, which includes the s-wave model. Subsequently Claeys et al. [9] have generalised this latter work to accommodate the p + ip model.
When the hole-pairing picture is adopted, we find that zero energy hole-pairs arise which characterise the same duality that was mentioned above. We also find that in addition there exist states characterised by infinite energy hole-pairs, in a manner that the sum of the infinite energies is finite. Such infinite energy solutions have been previously observed [6, 8] , but so far a systematic investigation of them has not been undertaken. Our main finding indicates a second form of duality, which relates the energies of eigenstates of the attractive pairing Hamiltonian to energies of eigenstates of the repulsive pairing Hamiltonian. It also provides a new perspective on the different regimes of the system in terms of hole-pair quasi-condensation, which we will discuss later.
In Sect. 2 we present the Hamiltonian and the known Bethe Ansatz solution in terms of particle-pair quantum numbers. We then determine the second solution in terms of hole-pair quantum numbers. Sect. 3 is devoted to the discussion of dualities. We commence by recalling the duality previously discussed in [4, 5] . We then continue to establish a second form of duality, and ultimately a third which is a combination of the two. Sect. 4 examines these dualities in the framework of the Bethe Ansatz equations. In Sect. 5 we undertake numerical solution of the Bethe Ansatz equations, which leads into an investigation of the phase diagram in Sect. 6. Sect. 7 briefly compares the results of mean-field approximations with the results of the exact solution. Concluding remarks are given in Sect. 8.
The Hamiltonian and exact solution
We first introduce the Hamiltonian of the pairing model. We take the canonical (i.e. particle numberpreserving) Hamiltonian whose mean-field approximation leads to the Bogoliubov-de Gennes equations with order parameter having p x + ip y -wave symmetry up to quadratic approximation. Letting c k , c † k denote annihilation and creation operators for two-dimensional fermions of mass m with momentum k = (k x , k y ), the Hamiltonian reads [2] 
where G is a dimensionless coupling constant which is positive for an attractive interaction and negative for a repulsive interaction. For any unpaired fermions the action of the pairing interaction is zero and we can thus decouple the Hilbert space into a product of paired and unpaired fermions states, for which the action of the Hamiltonian on the space for the unpaired fermions is diagonal in the number operator basis. This is known as the blocking effect [11] and permits an analysis of a simplified version of the Hamiltonian. We set z k = |k| and k x + ik y = |k| exp(iφ k ). It is convenient to introduce the following phase-dependent Cooper pair (or hardcore boson)
Using integers to enumerate the unblocked pairs of momentum states, and setting m = 1, the Hamiltonian takes the form
The hardcore boson operators satisfy the following commutation relations
where I denotes the identity operator, as well as the relations
The Hamiltonian may be expressed in the compact form
where
For later use we note the commutation relation
which follows from (1). The Hamiltonian (2) is our principal object of study. For each solution of the coupled equations
there is an eigenstate of (2) with energy eigenvalue given by
The eigenstate has the form
Above, M is a quantum number which denotes the number of particle-pairs (i.e. Cooper pairs) for the state |Φ , i.e.
The exact solution was reported in [2] , and subsequently shown that it could be derived through a variety of means including use of the classical Yang-Baxter equation [3] , the Quantum Inverse Scattering Method [4] , or the Gaudin algebra [5] . A second form of exact solution can be obtained by a particle-hole transformation, denoted Υ, which can be defined by
where Υ = Υ −1 and I denotes the identity operator. The action of Υ naturally extends to states. In particular if |χ denotes the completely filled state of L particle-pairs then |χ = Υ|0 and if (7) holds true then
We then find that
This provides a simple relationship between the spectrum of the attractive model with G > 0 and that of the repulsive model with G < 0. Below, we will investigate in more detail the consequences of (8) in terms of the eigenstates. First note that it follows that a second exact solution exists whereby for each solution of the coupled equations
where P = L − M is the quantum number which denotes the number of hole-pairs. In this instance the eigenstate is of the form
This result can also be obtained by a direct calculation following the methods of [19] . The details are provided in Appendix A.
Duality
Previous studies [4, 5] have identified an exact duality relation in the spectrum of the Hamiltonian. Here we will first recall the essential aspects of that result, before continuing to establish a second exact duality. A direct commutator calculation leads to the result
Using proof by induction we have more generally
At this point it is important to make the observation that N is a conserved operator, which partitions the space of states according to it eigenvalues M = 0, 1, 2, ..... Consider a state |Ψ ′ satisfying
We call |Ψ and |Ψ ′ dual states. Setting M = M ′ + J dual states are characterised by the relation
We may view the state |Ψ as a quasi-condensate containing J particle-pairs, each of zero energy in accordance with the expression (6).
In the hole-pair picture the duality relation (13) is maintained, and can be verified in a similar fashion. In this instance it is convenient to use (4) to express (2) as
It is then found that
Using proof by induction we have, more generally,
Consider a state |Φ ′ satisfying
it follows from (14) that
Setting M = M ′ − J the states |Φ and |Φ ′ are characterised by the same duality relation (13). Here we may view the state |Φ as a quasi-condensate containing J hole-pairs, each of zero energy in accordance with the expression (10).
A mixed duality
Next we turn the discussion toward a different form of duality relating eigenstates of the Hamiltonian H(G) with eigenstates of H(−G). We first note the preliminary lemma
which is proved by induction. The calculation is straightforward so we omit the details. Expanding out the commutators in (16) , this expression can be rewritten as
The case K = 1 may be verified directly using (4):
Assuming that (18) holds true for K = k − 1, and using (19), we obtain
Appealing to (17) with K = k then yields
which establishes that (18) holds true for K = k. The result follows by induction. Finally,
Through use of (18), this leads to the following identity:
Consider a state |Θ ′ satisfying
Choosing G −1 = K and setting
it follows from (20) that
We call |Θ and |Θ ′ mixed dual states, which are characterised by the relation
Note that
In contrast to the earlier discussed duality in terms of zero energy hole-pairs, the operator Q is associated with an infinite energy hole-pair. However the energy of the state remains finite, as the sum of the diverging energies is finite. We prove this in Sect. 4 through an analysis of the Bethe Ansatz equations.
The combined duality
The two dualities described above can be combined to give the following result. Consider a state |Ω
The last relation is equivalent to
One feature of the combined duality is that the dimension d(M ) of the sector for fixed M is equal to
It follows from (25) that
. This points to the possibility that the mapping from states |Ω ′ to |Ω through (24) is a bijection, which we believe to be true. Numerical results which support this view are discussed in Sect. 5.
Compatibility of dualities and Bethe Ansatz equations
In [4] it was shown that the duality characterised by (13) is compatible with the Bethe Ansatz solution (5).
Here we extend that analysis to accommodate the second Bethe Ansatz solution (9) .
Consider a generic splitting of the set of roots Y of (9), with |Y | = P, into non-intersecting sets Y ′ and Z such that Y = Y ′ ∪ Z. We can express (9) as
Setting |Y ′ | = S and |Z| = T we take the sum in (28) over elements in Z to give
Suppose that at some limiting value of G we have
Taking note that S + T = P Eq. (29) informs us that
while from (27) we obtain
Eq. (31) is the set of Bethe Ansatz equations for S = P − T roots of an attractive system. The above calculations indicate that given such a solution set Y ′ , we can augment it with T additional roots which all have zero value to obtain the solution set Y , provided that T is given by (30). Identifying
then (30) is equivalent to the duality relation (13) . Alternatively, suppose that at some limiting value of G we have
Eq. (29) in this instance leads to
Eq. (33) is the set of Bethe Ansatz equations for S = P − G −1 roots of a repulsive system. The above calculations indicate that given such a solution set Y ′ , we can augment it with T additional roots which all have infinite value to obtain the solution set Y , provided that T is given by (32), which simplifies to
then (32) is equivalent to the mixed duality relation (23). Moreover, from (28) we find
Considering the limit G −1 → T , such that y k → ∞ for y k ∈ Z, we let
and consequently the energy is found from (10):
The above expression is simply (6), with the set {y j } a solution of (5). Proceeding further we have
in agreement with (22), where
is the energy of the dual state for the repulsive Hamiltonian H(−T −1 ) as given by (10) . 
Numerical results
It has been established that the Bethe Ansatz solution (9) has the property that for particular values of G there are roots which are zero, and others which are infinite. To numerically solve (9) near these values necessarily means that the elements of the solution set will vary across several orders of magnitude, potentially imposing a large computational cost. To alleviate this issue we perform a change of variables:
such that
Under this change of variables the Bethe Ansatz equations (9) become
To numerically solve the above equations we adapt a technique described in [17] . The first case we consider is a system with L = 8 and P = 3. In this sector the dimension of the state space is 56. Consider G = 1/2. With respect to Eq. (23), the dual sector corresponds to P = 1, which has dimension 8. In this instance the mapping between sectors given by (21) cannot be a bijection.
We perturb the coupling by a small amount and numerically solve (37) for all roots, with the results displayed in Fig. 2 . It can seen that that there is a subset of roots close to the value 1. As G → 1/2 they converge to 1. In Table 1 the root sets are sorted according to increasing energy which is computed through (10) . It is apparent that the eight lowest energy states each have two roots close to the value 1. Between the particular sectors P = 3 and P = 1, the operator Q 2 is an injection in the limit G → 1/2. However since L = 8, P = 3, G = (1/2) + 0.0000001, and ε j = j/10 the dimension of the co-domain is larger than the dimension of the domain, not all states in the co-domain are of the form (24).
The second case we consider is a system with L = 8 and P = 6. In this sector the dimension of the state space is 28. Again consider G = 1/2. With respect to Eq. (25), the dual sector corresponds to P = 2 which also has dimension 28. In this instance the mapping between sectors given by (21) may possibly be a bijection.
We again perturb the coupling by a small amount to make it apparent that the solutions we obtain are not spurious, and that we can account for the full dimension of the sector. We numerically solve (37), with the results displayed in Table 2 . The root sets are sorted according to increasing energy which is computed through (10) . It is apparent that all energy states each have a complex conjugate pair of roots close to the value −1, and two real roots close to the value 1. As G → 1/2 they collapse to −1 and 1 respectively (results not shown). Between these particular sectors P = 6 and P = 2 the operator Q 2 (B(0)) 2 is a bijection. All states in the co-domain are of the form (24). Although we do not have a proof, we expect that this is true in general for sectors related through the combined duality (25). A necessary condition for this to be the case is that the mapping (15) 
Phase diagram
We introduce the rescaled coupling parameter g = GL and the filling fraction x = M/L. It is convenient to represent the duality relations in terms of the phase diagram shown in Fig. 2 , which depicts six regions in the g −1 − x plane. For the attractive model with g > 0 the three regions denoted IV, V, and VI have been previously identified as the strong pairing, weak pairing, and weak coupling regimes respectively [4] . The weak pairing and strong pairing regimes are dual with respect to (13) . The boundary between these regions is known as the Read-Green line and is given by the relation
This line extends into the repulsive region g < 0 and provides the boundary between regions II and III which are also dual with respect to (13) . The boundary between the regions IV and VI is known as the Moore-Read line, and is given by
The ground state on the Moore-Read line is dual to the vacuum through (13) and has zero energy.
With respect to the mixed duality relation (23) regions II and V are dual, as are regions III and IV. With respect to the combined duality governed by (25), regions III and V are dual. For a state in the strong pairing regime (region V) which may be expressed in the form (24), we define the fraction of zero energy hole-pairs as
and the fraction of infinite energy hole-pairs as
where as before P = L − M . The states (24) only exist for certain integer values of G −1 , however in the thermodynamic limit the values of h 0 and h ∞ become dense. The thermodynamic limit is obtained by taking the limits
such that x and g are finite [4, 5] . In this limit we have
If we conduct an analogous analysis in the particle-pair picture, through use of the Bethe Ansatz solution (5), we do not obtain a complementary portrait. There are no zero energy particle-pairs, nor are there any infinite energy particle-pairs, in the strong pairing regime. This is a key result of this study, that there is a clear asymmetry between the hole-pair picture and the particle-pair picture.
Inversion
It is worth briefly mentioning that besides the duality relations discussed above, there exists another type of relation which we call inversion. Consider the Bethe Ansatz Eqs. (9) and set u k = y −1 k . Then
If the momentum parameters are chosen such that {z l : l = 1, ..., L} = {z 7 Mean-field approximation
Our final point of discussion concerns a mean-field approximation analysis, which is a standard technique applied to the analysis of pairing Hamiltonians in general. It has been previously shown in [4, 5] that the mean-field gap and chemical potential equations and the Bethe Ansatz solution (5) for the ground state in the continuum limit are equivalent. Here we investigate the extension of that correspondence to include the Bethe Ansatz Eqs. (9) . Using a mean-field approach, in particular where products of operators A and B are approximated as
the Hamiltonian (2) may be approximated by
where∆ = 2G Q , ∆ = |∆|, N is the particle-pair number operator, M = N and µ is a Lagrange multiplier which is introduced since the mean-field approximation does not conserve particle number. Setting
the ground-state energy is found to be
associated to the mean-field ground state
Through use of the Hellmann-Feynman theorem we may take partial derivatives of (38) and (39) to generate the following constraint equations:
which are known as the gap and chemical potential equations. It is apparent that (41) cannot admit a solution when G < 0. However (5) maps to (9) with the change G → −G and changing the quantum number to count hole-pairs instead of particle-pairs, while the mean-field wavefunction (40) can be equally expressed in terms of particle creation operators acting on the vacuum or particle annihilation operators (i.e. hole creation operators) acting on the completely filled particle state. At first sight it appears there is a paradox. If on the other hand we calculate that highest energy state of the approximation (38) we find
associated to the mean-field highest-energy state
where * denotes complex conjugation. Through use of the Hellmann-Feynman theorem we may take partial derivatives of (38) and (43) to generate the following constraint equations:
Eqs. (45,46) are equivalent to (41,42) via the particle-hole transformation and the change G → −G. This basically asserts that the mean-field approach is justified in calculating the low energy spectrum of the attractive model or the high energy spectrum of the repulsive model. The observation is entirely consistent with (8) . Note that in either case we can project the mean-field states (40,44) onto the sector with fixed M , which leads to the following unnormalised states
It is known [4] that (47) is exactly the ground state on the boundary between regions IV and VI (MooreRead line). Both forms shown in (47) are obtainable by the Bethe Ansatz solutions (5) and (9) respectively. By the same methods it can be shown that (48) is exactly the highest energy state on the boundary between regions I and II. These boundary lines provide the most "mean-field-like" states. In the hole-pair picture they arise from mappings of the form (21) where the domain is the one-dimensional space with basis { chi }.
What is not apparent is how a mean-field approach may be implemented to observe the structure of states with the form (24) in region V, even at the level of an approximation. Conversely there are wellestablished methods (e.g. see [18] ) which in principle permit the calculation of the ground state energy of the attractive system from the Bethe Ansatz solution (9) in the continuum limit. Whether or not this approach simply reproduces the continuum limit of (41,42), or produces some new insights, presents an interesting open question.
Conclusion
We presented an alternative form of the Bethe Ansatz equations, based on the hole-pair picture, in order to re-examine the p + ip model. One of the main results we discovered is an intrinsic asymmetry between the particle-pair and the hole-pair perspectives, in contrast to the s-wave paring model on which such a symmetry can be imposed [13, 14] . In particular for the attractive pairing system there are instances of diverging roots of the Bethe Ansatz equations in the hole-pair picture which can be precisely identified and counted. It led us to conjecture that all states in the strong pairing regime have the form of a quasi-condensate with the same number of zero energy pairs, and infinite energy pairs whose energy sum is finite. Significantly, diverging roots do not occur in the Bethe Ansatz solution of the attractive model in the particle-pair picture. Our findings are summarised in the phase diagram Fig. 2 . A notable feature of the phase diagram is that the boundary lines, which were determined by exact calculation without approximation, and all independent of the parameters z l implicit in the Hamiltonian (2).
To determine exact eigenstates of the Hamiltonian by way of a Bethe Ansatz solution, we follow the approach of [19] . Define generic states of the form |ψ = 
